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Abstract 

In arXiv:0806.0363 the worldvolume superalgebra of the A/" = 8 Bagger-Lambert theory was 
calculated. In this paper we derive the general form for the worldvolume superalgebra of 
the J\f = 6 Bagger-Lambert theory. For a particular choice of three-algebra we derive the 
superalgebra of the ABJM theory. We interpret the associated central charges in terms of 
BPS brane configurations. In particular we find the central charge corresponding to the 
energy bound of the BPS fuzzy-funnel configuration of the ABJM theory. We also derive 
general expressions for the BPS equations of the A/" = 6 Bagger-Lambert theory. 
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1 Introduction 



Recently there has been much effort directed towards the study of M2-branes (for a review 
see [1]). Particular interest has surrounded the attempt to formulate a Lagrangian that is 
capable of describing the low energy dynamics of multiple M2-branes. This work began 
with the efforts of Bagger and Lambert [2]-[l](see also Gustavson [3]). The original Bagger- 
Lambert theory is a 3-dimensional A/" = 8 supersymmetric field theory, based on a novel 
algebraic structure; the so-called 3-algebra. A 3-algebra is a vector space with basis T'^, 
which satisfies a triple product. In [3J, the triple-product was required to satisfy two condi- 
tions. The first was that it satisfied the fundamental identity (which can be expressed as a 
condition on the structure constants). The second was that the structure constants/"'''^^ be 
real and antisymmetric in a, b, c. Bagger and Lambert were able to construct a Chern-Simons 
Lagrangian for their theory by defining a trace form h"'^ which acts on the 3-algebra. For /i"* 
and /"'"^^ real, gauge invariance implies that /"'"^'^ = jabc^f^ed jg ^^otally antisymmetric. When 
the metric is positive definite, it has been shown [7j-[9] that there is essentially one unique 
example in which f"-^'^'^ oc e"-'"^'^. In [lOj and [11] it was shown that this theory describes 
two M2-branes in an ]R®/Z2 orbifold background. It is possible to consider the case of a 
Lorentzian signature metric and this has been done in for example p^-t21j, however the 
status of this theory is still somewhat unclear (see also [22]). For related work, including 
higher derivative corrections to BLG theory, see for example |23]-|27]. 

Another possibility is to look for theories with fewer supersymmetries. In [2H] the most 
general TV = 4 super-conformal Chern-Simons theory was constructed. In [22], ABJM 
constructed an A/" = 6 Chern-Simons theory with U{N) x U{N) gauge group and 50(6) 
i?-sjTiimetry, and claimed that the theory describes N M2-branes in a C^/Z^ orbifold back- 
ground. In the limit in which the number of branes, N, and the Chern-Simons level k 
are large, with A = N/k fixed, the theory admits a dual geometric description given by 
AdSA X CP^. The action for this theory was derived from a superspace perspective in |3Uj . 
and the supersymmery of the action was shown explicitly in [31j- Motivated by the work 
of ABJM and [32j, Bagger and Lambert derived the general form for a three-dimensional 
scale-invariant field theory with A/" = 6 supersymetry, SU{4) /^-symmetry and a U{1) global 
symmetry [33]. This was achieved by relaxing the constraint on the structure constants. 
They showed that for a specific class of 3-algebra one recovers the M = Q theory of ^29j . 

The original motivation of Bagger and Lambert was to write down a theory capable of 
reproducing the Basu-Harvey equation as a BPS equation. The energy bound corresponding 
to this particular BPS configuration should appear in the superalgebra of the theory as a 
central charge term. This was found to be the case for the A/" = 8 Bagger-Lambert theory 
in [34j (See also |35j for space-time superalgebra). For work on BPS configurations and 
M-brane bound states of the A/" = 8 theory see [36]-[39]. One would expect similar results 
for the A/" = 6 theory of ABJM. It was shown in [lOl iH Il2] that the ABJM theory admits 
fuzzy and fuzzy-funnel BPS solutions. For an alternative derivation of the Basu-Harvey 
equation see [13]. 
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In this paper we will compute the extended worldvolume superalgebra for the generahsed 
A/" = 6 Bagger-Lambert theory. For a particular choice of 3-algebra we are able to derive 
the worldvolume superalgebra of the ABJM theory with central charge terms. We find that 
the central charge corresponding to the half-BPS fuzzy funnel configuration of the ABJM 
theory appears as a diagonal element of the superalgebra. We also derive the general BPS 
equations of the Af = 6 Bagger-Lambert theory. 

The paper is organised as follows. In the next section we will briefly review the A/" = 6 
Bagger-Lambert construction and its relation to the ABJM theory. In section 3 we will 
explicitly calculate the superalgebra associated with the J\f = 6 Bagger-Lambert theory. In 
section 4 we will derive the ABJM superalgebra using the result of section 3. In section 
5 we will derive the general BPS equations of the Bagger-Lambert theory. Finally we will 
provide some concluding remarks in section 6. In the Appendix we outline our conventions 
and include calculational details. 



2 Af = 6 Bagger- Lambert Theory 



In this section we will briefly review the Af = 6 construction of [33] and its relation to the 
ABJM theory of ^29j. A 3-algebra is defined as a vector space with basis T°- , a = 1 . . . N, 
endowed with a triple product 

jya^ yb. yc] _ yabc-^yd ^2.1) 

Here we follow [33] and take the 3-algebra to be a complex vector space and only demand 
that the triple product be antisymmetric in the first two indices. Furthermore the /"^'^^ are 
required to satisfy the following fundamental identity, 

+ + f^r'd + n\r^\ = o. (2.2) 

In order to construct a Lagrangian it is necessary to define a trace form on the 3-algebra 
which provides a notion of an inner product, namely 

/i"^ = Tr(r",T^). (2.3) 

Gauge-invariance of the Lagrangian requires that the metric defined by (12.31) be gauge in- 
variant. In order for this to be true it can be shown [33j that the structure constants f"'^'^'^ 
must satisfy 

jabcd j*c.dab ^2 

In other words complex conjugation acts on f"'^'^'^ as 

^j^abcd'j* j:*abcd j:cdab ^2 
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Given this information Bagger and Lambert were able to construct the following Lagrangian 

- %r'''^m^AaZ^ZB-c + 2ir''^m^BaZfZA^ (2.6) 

I ^ ^ rabcdjA i B yC yD ^ ABCD fcdabj , y y 

+ ^£ABCDJ f^lpcZ^Z^ --6 f tpAcVBdZcaZDb, 

with the potential given by 

V = In^m (2.7) 

where 

TCD rabc lyC lyD ry rC rahc r/E r/D ry , rZ) eahc lyE lyC fy in q\ 

Bd - J d^a^b ^Bc- ^<:>bJ d^a ^Ec+ ^ObJ d^a^b^Ec l^-Oj 

and the twisted Chern-Simons term Ccs is given by 

^cs = le'^"' (^r'''A,,,d.A,^, + \r\r^'A^i,A^;^,A^j}j . (2.9) 

The are four complex 3-algebra valued scalar fields with A = 1,2,3,4,. Their complex 
conjugates are written as Zab, = (Z^)*. We write the fermions as ipAa and their complex 
conjugates as = (ipAa)*- Note that the act of complex conjugation raises and lowers the A 
index and interchanges a ^ a. When the A index is raised it means that the corresponding 
field transforms in the 4 of SU{4) and a lowered index field transforms in the 4. The 
covariant derivative is defined by D^^Z^ = d^^Z^ — A^ ^Z^ . It follows that D^Zas. = d^ZAd — 
A*^ ^Zac- Supersymmetry requires that D^^^ = d^ipf - A*^ and -D^V^d - A^ ^^ac- The 
gauge field kinetic term is of Chern-Simons type and thus does not lead to propagating 
degrees of freedom. The above Lagrangian is invariant under the following supersymmetry 
transformations 

bZ^ = te^^'ijBa 

S^Aa = -i'-DX^ab - f'\Z^Z^Zc,eAB + f^'^.Z^ZA-cecD (2.10) 
5A;, = -^eABlXi^ir\ + i-e^^'i.ZAiiJBar'd 

up to a surface term (See Appendix [B]). The supersymmetry parameters eAB are in the 6 of 
SUiyA). They satisfy the reality condition e"^^ = \s"^^^^ecD- The supersymmetry algebra 
closes into a translation plus a gauge transformation. As shown in [33], the f"'^'^'^ generate 
the Lie algebra Q of gauge transformations. In particular if the Lie algebra Q is of the form 

Q = ®xGx (2.11) 

where Q\ are commuting subalgebras of Q, then 

r'''^=j2^,j2(^tr\t^x)'", (2.12) 

A a 
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where the span a u{N) representation of the generators of Q\ and the 0;^ are arbitrary 
constants. This form of f"-'"^'^ allows one to rewrite the Lagrangian fl2.6p as 

C = - Tt{D^Za, D^Z^) - tTii^^, YD^^a) -V + Ccs 

- zTr(^^, [^^, Z^- Zb\) + 22Tr(V5^, [^b. Z^- Za]) (2.13) 

+ ^5Ai.cDTr(V^^, [Z^, Z^-i,% - ^e^^^^Tr(Z^, [^^,^5; Zc]), 

where now 

^ = ^Tr(Tg^,Tg^), (2.14) 

with 

Tg^ = [Z^, Z^; Zb] - \5%[Z^, ^i.] + [^^, ^i.]- (2.15) 

The equivalence of fl2.13p and (12.61) can be verified by expanding the fields Z'^^ipA in terms 
of the generators T" and defining the trace form as in (12.31) . For example 

Tr(V^^, [^A, Zb]) = Tri^jT^, [^^,T^ T^ Zb.T']) 
= ^j^AaZ^ZBcTriT'', [T^ T^ T']) 

= i,jijAaZ^ZB-cr'~'^. (2.16) 

In [33] it was shown that for a particular choice of triple product one is able to recover the 
= 6 Lagrangian of AB JM written in component form [221 EO] • Given two complex vector 
spaces Vi and V2 of dimension Ni and A^2 respectively one may consider the vector space A 
of linear maps X : Vi — > V2. A triple product may be defined on A as 

[X, Y- Z] = X{XZ^Y - YZ^X) (2.17) 

where f denotes the transpose conjugate and A is an arbitrary constant. The inner product 
acting on this space may be written as 

Tr(X,r) =tr(XV). (2.18) 

With this choice of 3-algebra, the Lagrangian (12.131) takes the form of the ABJM theory 
Lagrangian presented in [30J. In the next section we will calculate the superalgebra for the 
Af = 6 Bagger-Lambert theory and express the central charges in terms of 3-brackets. We 
can then make use of f l2.17p and ( 12.180 to derive the ABJM central charges. 



3 J\f = 6 Bagger- Lambert Superalgebra 

In this section we will calculate the superalgebra associated with the general Af = 6 Bagger- 
Lambert Lagrangian. We will follow the method outlined in [3l]. Given the invariance of 
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the Lagrangian under the supersymmetry variations fl2.10p . Noether's theorem imphes the 
existence of a conserved supercurrent J^. The supercharge is the spatial integral over the 
worldvolume coordinates of the zeroth component of the supercurrent. Since we know that 
the supercharge is the generator of supersymmetry transformations and that the infinitesimal 
variation of an anticommuting field is given by 5$ oc {Q, $} we can write 

j d^a5f,p = {QlQi}e-j (3.1) 

In order to make use of 03.11] in the form presented, we will have to re-write the parameters 
eAB appearing in the Bagger-Lambert theory in terms of a basis of 4 x 4 gamma matrices, 

eAB = e'.{T\j,), (3.2) 

with / = 1, ... 6. The are carrying a suppressed worldsheet spinor index and represent 
the M = Q SUSY generators. The gamma matrices are antisymmetric (F^^ = — T;^^) and 
satisfy the reality condition 

F^^ = ^^^^^^r^^ = -{t'abY- (3.3) 

Furthermore they satisfjfl 

ri^f-^^^ + ri^f^^^ = 25"5^. (3.4) 

We note that the 4x4 matrices act on a different vector space to the 2x2 matrices 7^ 
which are defined as world volume gamma matrices. The supercurrent can be calculated by 
the usual Noether method. In general one has 

dC 

J' = jTTjr^S^ - (3.5) 

where ip represents all the fields appearing in the Lagrangian and 5C = d^V^. For the 
Bagger-Lambert theory the supercurrent can be written as 

J, = e'Jl = Tt{6^Pa1„ ^^) + Tr(5^^7^, ^^), (3.6) 

where is the component supercurrent which appears in (13. ip . For future reference we 
write the fermion supersymmetry variations as 

Stfj^ = T'^'^YD^^Zbs' - N'^e' (3.7) 
5^PA = T%e'YD,Z^ - N'^e' . 



^One explicit realisation in terms of Pauli matrices [H] is given by = a2® l2,r^ — -~i<j2 ® cr^^T^ 



5 



with 

Ni = rislZ^, Z^; Zc] - r^^[Z^, Z^; Za]; (3.8) 
^lA ^ fiAB^Zc, Zs. Z^] - f ^^^[Zc, Zo; Z\ (3.9) 

We have dehberately written these variations in terms of the general 3-bracket introduced 
in the last section. This will result in an expression for the superalgebra in terms of 3- 
brackets. The benefit of this formalism is that one can easily derive the ABJM superalgebra 
by choosing a particular representation of the 3-bracket. The supersymmetry variation of 
the zeroth component of the supercurrent is computed in Appendix O Since we are only 
interested in bosonic backgrounds we set the fermions to zero. The result is 

+ 25^-^(Tr(A^B, [Z"", Z^; Zj,\) - Tt{D,Z'', [Zd, Zb\ Z%e'^^^e' 

- r5^-^^Tr(A^^, DjZc)e'^-i'^e^ 

- Tf'\Tr{DoZA. [Z^, Z^ Zc]) + Tr(I)o^^, [Zc, Za', Z%)e' 

+ tTb^''\Ti{D^Z'', [Zc, Zd; Z^]) - Tt{D,Zd, [Z^, Z^- ZcWi'e' 

- r;j(")Tr([Z^, Z^; Zcl [Ze, Zp- Z%e' 

- r;j(''')Tr([Z^, Z^- Ze], [Zc, Zp- Z^e'^ 
+ r5^(")Tr([Z^, Z^; Zc\, [Ze, Ze; Z%e\ 

where we have defined 

■pCD{IJ) _ -pi ^JCD I f /CDpJ . (Q ^c\\ 

^ AB — ^ AB^ + J- ^ AB, {6. IK)} 

f^A[I.J] _ -pi f^JAE f^IAE-pJ (Q ^-[\ 

i- El — L EE^ ~^ ^ DE- l^J-J-J-J 

In order to determine the superalgebra from this expression we need to integrate 5J°'^ 
over the spatial worldvolume coordinates, and pull off the supersymmetry parameters e"^ , 
remembering that for Majorana spinors e = e^C. We know that J d'^o'Tj^ = so we see 
that the first term above will give us the usual momentum term. The other terms will form 
the central charges. We can write the superalgebra as 

{Qi, Qi) = - 25'\p,{YCU + Ui'cu - Vi{i'cu) 

- r^["i(zgo(C)., + zEii'cu) (3.12) 
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where are spinor indices and i = x^jx"^ are the spatial coordinates of the worldvolume. 
The central charges are given by 

Zi = J rfVTr(A^B, [Z'', Z^; Zd]) - Tr(A^'', [Zd, Zb\ Z''])e'^ (3.13) 



= I SaTi{DiZ^,DjZc)e'^ (3.14) 



ZEfl = j d^(r{TT{DoZA, [^^, Z^; Zc]) + Tr(Do^^, [Zc, Za; Z""]) (3.15) 

2EF,i = J rfVTr(A^'', [Ze, Ze; Z^]) - Ti{DiZE, [Z^, Z^; ZE])e'' (3.16) 

Z'il = j d'cxTT{[Z^, Z^; Zc], [Ze, Ze; Z^]) - [Z^, Z^; ^c], [^e, ^f; ^1) 

- Tr([Z^, Z^; Zs], [Zc, Ze; Z^]). (3.17) 



These equations represent the central charges of the extended A/" = 6 Bagger-Lambert theory. 
For the specific 3-bracket realisation (12.1 7p . the Bagger-Lambert theory is equivalent to the 
ABJM theory. We will see that when we derive the ABJM central charges, Zi, Z^p- can 
be written as surface integrals. In other words these two terms will represent topological 
charges in the algebra. In the next section we determine the corresponding ABJM central 
charges. 



4 AT = 6 ABJM Superalgebra 



In this section we will use the result of the previous section to write down the ABJM central 
charges. We will use the particular form of 3-bracket defined in fl2.17p to map the central 
charge terms of the general Bagger-Lambert theory to the ABJM theory. This will work in 
the same way that the Bagger-Lambert Lagrangian is mapped to the ABJM Lagrangian. The 
structure of the superalgebra presented in f l3.12p remains unchanged. Only the central charge 
terms are affected by the 3-bracket prescription. Firstly we define Tr(X, Y) = tr(X"''y) and 
then we write the 3-bracket as [X, Y; Z] = XZ^Y — Y Z'^X. In order to emphasise the 
change from the Bagger-Lambert to ABJM picture we will relabel our fields as X^ 
and Za —>■ Xa- This matches the conventions of [31]. A simple calculation results in the 
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following central charge terms 

Zi = J £atiDi{X^XBX^XD- XbX^XdX^) (4.1) 

= I £ati{DiX^DjXc)e'^ (4.2) 



^c,o = J f^Vtr(DoX^(X^XcX^ - X^XcX^) - DoX^(XcX^Xa - X^X^X^)) 
2EF,^ = J d^cTtTDi{X''XEX''Xp)e'^ (4.3) 

Z|| = 4 y c/Vtr(X^XcX^XirX^X£; - X-^XsX^(XcX^Xir - X^X^X^)) (4.4) 

We see that Zi and 2^p^ take the form of surface integrals. These terms correspond to 
topological terms characterizing half-BPS vacuum configurations. In [37] the superalgebra 
of the J\f = 8 Bagger-Lambert theory was expressed in terms of three types of central charge; 
Zjj, ZiijKL and Zjjkl- It appears that for the N = 6 theory the analogues of these charges 
are Z^, Z-^p- and Z^p. We refer the reader to [37] for more details on the interpretation of 
these central charge terms. Note that the superalgebra may be re-written in terms of trace, 
anti-symmetric and symmetric traceless parts. In other words we may write the superalgebra 
as 

{Qi, Qi} = S''X^, + zi;P + (4.5) 

where X^^ is a singlet, Z^^p is symmetric traceless and Z^^j^^ antisymmetric in /, J respec- 
tively. Explicitly we have 

X„^ = -2P^{YC)^p - ^Z,{YC)^p, 

~zl'f^ = -TT\zE,,C^p + ZEii'CU). (4.6) 

It is interesting at this stage to observe what happens when we act with 5ij on the superal- 
gebra. In this case T^^^^ = since it is antisymmetric in /, J and so Z^ and Z^^ disappear 

from the algebra. Similarly ^q^"* = since it is symmetric traceless. This can be confirmed 
by using the fact that 

^IJ^AB =^AB^ +r r^B = -4(3^5. (4.7) 

Thus the only term that survives is the trace part X^^. We can therefore write 

SiAQi, Qi] = -12P^{YC)^p + 8tr j d^aD\XAX^XBX^ - X^XaX^Xb)£.,(7^C)„/3. 

(4.8) 
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We see that the trace of the algebra contains a single central charge term, namely the one- 
form central charge Zi. It turns out that this charge corresponds to the energy of the BPS 
Fuzzy- Funnel configuration calculated in [32] • The ABJM BPS equations can be obtained by 
combining the kinetic and potential terms in the Hamiltonian and rewriting the expression 
as a modulus squared term plus a topological term. The squared term tells us the BPS 
equations and the topological term tells us the energy bound of the BPS configuration when 
the BPS equations are satisfied. In [12] the ABJM potential was written as 

V =^tr(|Z^4z^ - Z^'ZaZ^ - WWaZ"" + Z^VTaW^^I' 

+ \W^WaW^ - W^WaW^ - Z^ZaW^ + W^ZaZ^\^) (4.9) 
167r2 



fc2 



-trde^ce^^W^B^^W^Dp + \e^'' eBDZ^WcZ^\^) 



where here Z^ and W"^ are the upper and lower two components respectively of the 4 compo- 
nent complex scalar X^. The first two lines correspond to D-term potential pieces whereas 
the last line corresponds to F-term potential pieces (from the superspace perspective). In |12] 
the potential and kinetic terms were combined in two different ways, depending on whether 
the F-term or D-term potential is used in conjunction with the kinetic term. This leads to 
two sets of BPS equations. For the case in which = the scalar part of the Hamiltonian 
only contains D-term contributions and takes the form 

H=J dx^dsii{\dsZ^ + '^{Z'' ZbZ^ - Z^ZbZ'')\^) 

+ \ixd,{ZAZ^ZBZ'' - Z^'ZaZ^'Zb), (4.10) 
k 

where = s. As usual, the first line gives the BPS equation 

5,Z^ + ^(Z^ZbZ^-Z^ZbZ^) = 0, (4.11) 

rh 

and the second line gives the energy of the system when the BPS equation is satisfied 

E = ^tT J dsdx^dsiZAZ'^ZBZ^ - Z^ZaZ^Zb). (4.12) 

We see that the form of this expression exactly corresponds with the central charge term 
appearmg m (gSD (when = 0). Thus we see that the physical information corresponding 
to the energy bound of the fuzzy funnel configuration appears in the trace expression of the 
algebra, and that all the other terms vanish when the trace is taken. 



5 Bagger- Lambert BPS equations 

In this section we would like to consider the BPS equations of the Af = 6 Bagger-Lambert 
Theory. We begin by considering the case in which two of the complex scalars are zero and 
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look at the BPS equation resulting from Sip = as outlined in [H]. Re- writing the expression 
for SipA in terms of 3-brackets, and assuming a vanishing gauge field, we demand that 

S^B = rd.Z^AB + [Z"", Z^- Zc]eAB + [Z^, Z^- Z^Ycd = 0. (5.1) 

We will assume that Z^ = Z"^ = and the remaining scalar fields are functions of = s. 
We thus arrive at the following two equations 

j^dXei2 = [Z',Z';Z2]e,2, (5.2) 
^^dsZh2i = [Z\Z^;Z,]e2i. (5.3) 

Given 7^612 = 612 we obtain the BPS equation of the general BL theory 

9,Z^ = [Z^,Z^;Zb]. (5.4) 

Substituting the expression fl2.17p for the 3-bracket we find 

d,Z^ = '^{Z^Z^^Z^ - Z^Z^j^Z^), (5.5) 

where we have identified A = This is the result of [H]. The general BPS equation may 
also be derived by considering the scalar Hamiltonian when = = 0. In this case the 
Bagger-Lambert potential simplifies and is proportional to 1i{\Z^ , Z^] Zb\,[Za, Zb] Z^]). 
It follows from the usual Bogomoly'ni trick that the BPS equation is given by (15. 4p . In [42| 
a solution to the BPS equation fl5.5p was presented. The general procedure for finding a 
solution is to the consider the ansatz in which the complex scalar fields separate into an 
s-dependent and s-independent part, 

Z^ = f{s)G\ m = ^^, (5.6) 

Looking at (15.51) we see that the satisfy 

= G^G^G^ - G^G^G^. (5.7) 

This equation is solved in |10j. In |32j the solution is interpreted as describing a fuzzy S^/Zj.. 
One might ask if it is possible to find a general solution corresponding to the general BPS 
equation (15.41) . Following the same procedure one might use an ansatz similar to (15. 6p . The 
matrices G^ would then satisfy 

G^= [G^,G^;Gb]. (5.8) 

In [33] only one class of examples of 3-bracket were given; it would be interesting to inves- 
tigate the possibility of other realisations of 3-bracket and consequently other solutions to 
(15.81) . So far we have only considered the situation in which half the scalar fields are set 
to zero. In this case the potential takes a simple form and there is a single BPS equation. 
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We would like to consider the BPS equations of the Bagger-Lambert theory for the case in 
which all scalar fields are non-zero. The scalar Hamiltonian takes the form 

H = j dx'dsTi{dsZ^, d'ZA) + ^Tr(Tg^, Tg^). (5.9) 

We can write this as a sum of squares, 

H = j (ixMsTr|9,Z^--^£-^^^^Tg^|2 + Tr|[Z^,Z^;Zc]|' + ri. (5.10) 

This leads to the following set of BPS equations 

dsZ^ - ^^^''cd^b'' = (5.11) 

=0. (5.12) 

Writing out (15.111) explicitly in terms of the component scalars we find expressions of the 
form 

dx = ^\z\ z\ z,\ = i=[z^ z^ z,] = -^[z\ z^- z,] 

d,Z' = i=[Z^ Z'; Z,] = i=[Z\ Z^ Z,] = -^[Z\ Z\ Z,] 
dsZ' = Z'; Z,] = i=[Z^ Z\ Z,] = i=[Z^ Z\ Z4 

dsZ' = ^\Z\ Z^- Z,] = i=[Z^ Z\ Z,] = Z'- Z^\. (5.13) 

Note that if we choose to set half the scalar fields to zero then any term involving the 
epsilon tensor will vanish and we are left with a trivial set of constraints, namely dsZ^ = 
[Z'^ , Z^] Zc] = 0. Alternatively we can re- write (15.101) as 

H = J dx'dsTildsZ'' - [Z^, Z^; Zsf + ^Tr|£^^^^Tg^|2 + (5.14) 

which leads to the following BPS equations 

9,Z^-[Z^,Z^;Zb]=0 (5.15) 

e^'^on'' = 0. (5.16) 

For the case in which half the scalars are set to zero we see that (I5.16P vanishes and that 
(15.151) exactly corresponds to the BPS equation derived by setting dip = 0. It is worth 
mentioning that we could have written the Hamiltonian as 

H = ^j - Tg^|2 + T3, (5.17) 

in which case we would have a single set of BPS equations of the form 

- 2Tg^ = 0. (5.18) 
However it is not clear how to extract (15.41) for the case in which half the scalars are zero. 
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6 Conclusion and Discussion 



In this paper we calculated the extended worldvolume superalgebra of the = 6 Bagger- 
Lambert Theory. With a particular choice of 3-bracket we were able to derive the ABJM 
superalgebra. We found that the central charge corresponding to the half-EPS fuzzy funnel 
configuration of the ABJM theory appears as a diagonal element of the superalgebra. It 
would be interesting to study the off-diagonal central charge terms and provide a physical 
interpretation. It may be possible to re-write the superlgebra in a neater form by using the 
equations of motion (as was done for the jV = 8 in [S]). This may simplify the structure 
of the central charge terms allowing for easier interpretation. It is interesting to note that 
Zi exactly corresponds with the topological term appearing in [12] when the kinetic term 
is combined with the F-term potential piece. Furthermore it appears that has the 

same structure as the topological term corresponding to the D-term configuration. Thus 
it would seem that these two central charge terms characterise the topological information 
corresponding to the two sets of BPS equations appearing in [12] . 

In this paper we have also derived two sets of BPS equations for the general A/" = 6 Bagger- 
Lambert theory. For the case in which half the scalars are set to zero we recover the half-BPS 
result derived by setting b'^ = 0. It would be interesting to try and find solutions to these 
equations in the case where more than half the scalar fields are active. Related to this is the 
question of whether its possible to write the Bagger-Lambert scalar Hamiltonian as 

H = J dx^dsTT{d,Z^ - g'^'^cD^T? + ^ (6.1) 

with the condition that 

/^CD^/A/^Tr(Tg^, T|J = ^Tr(Tg^, T^^) (6.2) 

where T is a topological term. If this constraint is satisfied then we have a set of BPS 
equations of the form 

d,Z^ - ng^%o^T = (6.3) 
where A, B = 1, . . .4. It is interesting to note that the constraint (16.21) is analogous to the 
situation encountered when considering M5-brane calibrations [HI HSj . In the case of the 
= 8 Bagger-Lambert theory the constraint takes the form 

l^guKLgiPQRTT{[X'\X^,X% [X^,X«,X^]) = Tr([X^ X^^, X^], [X^X^,X^]). (6.4) 

The gijKL are related to the calibrating forms of the cycle on which the M5-brane wraps 
and are therefore completely antisymmetric in their indices. For the case in which only half 
the scalar fields are activated it is possible to solve the constraint by writing guxL = £ijkl- 
This choice corresponds to a fuzzy-funnel configuration in which multiple M2-branes expand 
into a single M5-brane, and is described by the standard Basu-Harvey equation. For the 
situation in which more scalars are activated, additional constraints arise which have to be 
imposed alongside the Basu-Harvey equation. It would be interesting to see whether the 
results of [B] can be derived from the ABJM theory. We leave this for future work. 
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A Conventions and Useful Information 



In what follows we will need to make use of the following information. The supersymmetry 
parameters of the = 6 ABJM theory transform in the 6 representation of SU{A). We can 
write the susy parameter eab in terms of a basis of 4 x 4 gamma matrices as 

eAB = e'.iT'^^), (A.l) 

with / = 1, . . .6. The gamma matrices are antisymmetric (F^^ = — T^^) and satisfy the 
following relation 

r^^f-^^^ + ri^f^^^ = 25'' 5'^ (A.2) 

where 

f^^^ = y^^^T'cD = -ir^ABT- (A.3) 

We note that the 4x4 matrices act on a different vector space to the 2x2 matrices 
7^^ which are defined as world volume gamma matrices. These two types of gamma matrix 
commute with one another. It is also important to note the following relations 

ri^f = -26'xE = -2{6^JE - m) (A.4) 
ri^f^^^ = 65^. (A.5) 

Acting with e^^^'^ Ecdpq on both sides of (1A.4I) one can show that 

V'^^V\^ = -25Tb. (A.6) 



It therefore follows that 



ri^f^^^ + f^^^ri^ = -45^f (A.7) 
riijf - f ^^^ri^ = (A.8) 

We will also need the following identity in what follows 

■p/ fAC I f/AC-pJ -pi fAC I ^^ACDE^ -pi i^JFG 

J- AB^ + J- J- AB - J- AbJ- + ^ABFGi- DE^ 

= i<5gr^^f = 25"5g. (A.9) 
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and therefore 

r^^f-^^^ = 45^^. (A.IO) 

Note that in obtaining the last hne of (1A.9P we made use of (]A.2p and the epsilon tensor 
identity 

£ SaBFG = + ObOfOg + (>F^G"B + ^G"B^F 

- «5| - - 5g5^?5| (A.ll) 

Similarly we have 

T\,T^^ - t^^^T% = 2ri^f^^ - ^5gr^^f^^^. (A.12) 

It is possible to derive identities involving bab based on the relations between the basis 
gamma matrices . In [33] Bagger and Lambert make use of the following identities 

^e^^lue2CDSi = ef-i,e2BC - e^S.^iBC (A.13) 

and 

^Cl ^2BD — ^IBD — + Cl ^2DE0b ~ ^2 ^IDEOb 

-AE^ jrC I -AE^ j:C 

— Cl ^2DE0b+^2 ^IDEOb 

+ -e^''e2BE6%-e^''e,BESZ (A.14) 

— (^^€.2Be5d + ^IBE^i)- 

Both of these identities can be re- written in terms of identities involving the Majorana 
spinors and the gamma matrices F^. 



B Determination Of Surface Term 



In this appendix we show explicitly how to calculate the surface term associated with 
the Lagrangian fl2.6p . Only certain parts of the variation of the Lagrangian contribute to 
the surface terms, namely those kinetic and coupling terms which upon variation contain 
derivatives. Lets look at each part of the Lagrangian in turn. 



B.l Kinetic Term 
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Varying the kinetic terms one has 

1 2 

' ^ ' z — ^ 

3 4 

- 'd^Z\D,{SZ^) + h'^D^ZAM;dZ^ (B.2) 

5 6 7 

Inserting the supersymmetry transformations into the above one finds the following terms 

1) = -iD'^i^^'^D^Z^eAB 

2) = +t-e^^^^D^Z^'Z^iZc-ciJAar''' - i^hXZc-cD,Z^j''''\AB 

3) = -t-e^Bj^.^lD^ijBa 

4) = -re^'^^^D^Zc-cZsiZ^i'Aar''' + ^Vf 7^^^ /'""'e^B (B.3) 

5) = -t-e^^D^ZlYl'D^^Aa - ^-e^''Zc-cZBdZ^YD,^l^Aar''^ 

- if^^'^^D^i^AaZtZnlZcir'' 

6) = -i^^YYD.D^Z^esA - t^^''rD,{ZSZ^Zc,)f'"'eBA 

- ii^t^^D,{Z^Z^ZA^f'~^ecD. 

We don't include 7) above as this term contains no derivatives and therefore won't contribute 
to the surface terms. 



B.2 Coupling terms 

^coupling — ^{1) + ^{2) (B-4) 



where 



= -ir'yf^l^AaZ^ZBc + 2ir'^^f^ljBaZ^ZAc. (B.5) 

>C(2) = '-6ABCDr'"'i'ii^iZ^Z^ - '-e^''''''r'^'i>Ac^BdZc-aZni. (B.6) 



We will tackle each in turn 



1 



= - i r^^'Sijf^AaZ^ZB-c -I r'^^fSijAaZ^ZB-c 

3 4 



+ 2i r'^'S^l^j^l^BaZ^ZA, +2i r'^^l^p^l^BaZ^ZA, 



abed „ I, A i 



7B I 



(B.7) 
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Inserting the supersymmetry transformations into this we have 

1) = -te^^YD.Zs^ZcZi^^Aar''' 

2) - -ti'il''D,Z^Zl:'ZB-cr'"'ecA 

3) = 2te^^rD^ZBdZA,Z^i^car''^ (B.8) 

4) = 2i^jrD,Z^Z^ZA,r''^ecB 

For 5jC(2) we find 
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- ^^^^^^/^'^'^^VSAcV'Bd^c.^i.ft - '^e^^^'T'^'i^AcS^BaZc-aZni (B.9) 
Inserting the supersymmetry variations one finds 

5) = '-ecDrD,ZB^Z^Z^^j;^r'^ + ieBcrD,Zj,^Z^Z^^I;^r'^ 

6) = ^^|7'^^M^Ac-^f ^^''/"'''ecD + ^^PfrD,Zn,Z^Z^r''^eAc 

7) = ^6^^7"^M^f ^c.^i.S^iJd/'^''' + ie^'^YD.Z^ZcZ^itPBdr'''' (B.IO) 

where in determining the above expressions we made use of the reality condition e^^ — 
l^ABCD^^^ .We also found the following epsilon tensor identity useful 

e^^'^^SAEFG = + 515^5^ + 5|5g5f + 5^5g<5| 

- 5|« - - (B.ll) 



B.3 Terms in e^^ 

We now gather all those terms of the form e"^^, 

SC, = + le^^'^'^D'^Z^'ZBsZc^iPAar'"^ - ie^^'D^ZlD^i^Ba 

- te^'^rD^Zc-cZBiZ^'^Aar"'^ - te^^'D^Z-^YYD.^Aa 

- ie^^Zc-cZBiZ^l^D^i,Aar''' - i^''rD^i,AaZ^ZBiZcar'' (B. 12) 

- ie^'^YD^ZBaZcZfjijAar'''^ + 2^e^^7'^^/,^BJ^A.^,f i^'Ca/"'"' 
+ i^^^^D^ZfZc-aZnii^Bdr''''' + 2i-e^'^^^D^Z^Zc-aZnii^Bdr''''' 
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where in the last hne we have combined terms in 7) and 8) by making use of the fact that 
e'-'^^^ipBd = — ^Bd7^e^^- All the terms of order ZZZ combine into two total derivatives. 
Thus we are left with 



5£, = + D,{te^^^^Z^ZA-Js^ijcar''' - ie^^^rZ^Z^^Zc-ci^Aj^'-^) 

- ie^^'D'^ZlD^^Ba - ie^'^D^ZlYYD.i^Aa (B.13) 

We can write these last two terms as a total derivative, plus a piece proportional to the 
gauge field strength. Thus we finally arrive at 

5C, ^D,(ie^^rZ^ZA,Zs^car''' - ie^^rZ^Zj^dZc^AaF''' 

- ie^^D^'Z'X'il^Ba - ie^^D,Z%Yl^'^Aa) (B.14) 



B.4 Terms in eab 

Gathering all the terms of the form eab we find 

5C, = - iD^^i^^'^D^Z^eAB - t^iYYD.D^Zj^eBA 

+ ii,i^,D^ZaaZ^Z'^r'^eAB - li^hXZcDX f^'^^AB 

- iij^'^rD,{Z^,Z^Zc,)f'~^ - t^iYD,iZ^Zl;'ZA,)f''''ecD (B.15) 

- ti^irD,Z^Z,^ZB,r'''ecA + 2z^pjYD,Z^Z^ZA,r'''ecB 
+ i^jrD,ZA-cZ^Z^r'"^ecD + 2i,pjYD,Zn-cZ^aZ^r'~^eAC 

A simple re-labeling of the indices reveals that all the terms containing ZZZ vanish identi- 
cally leaving 

5C, = -iD^^i^^-D.Z^eAB + li^^i^YD^D^Z^eAB (B.16) 
and we can re-write this as a total derivative 

5C, = D^i-ii^'^'^D^ZteAB) (B.17) 

Combining the results of the previous two sub-sections we find, 

5C = + 5C, = d^y^" (B.18) 

with given by 

^ _ ^^BJ^^.2yJBa li'^'^D^Z^eAB - r,^''D,,Z%^r^^i,Aa 

- ie^^rZ^Zj.^Zcs^Aar"' + le^^'rZ^^ZA.Zs^car'''. (B.19) 
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C Bagger- Lambert Superalgebra Calculations 



In this section we calculate the supersymmetric variation of J^'^ . Given the supercurrent 
expression fl3.6p one finds 

(a) 



(b) 

, " z ^ 

- Tr(r^57'^7°D,Z^, N^^e^) - Tr(Ar^f -^^S^^ DpZcS^) 

+ Tr(f^^V7°^.^B, A^i^^) + Tr(Ar^^rit77V^p^^^-') (Ci: 



C.l (a) terms 

The (a) terms may be written as 

(a) = - Tr((ri^f^^^ + V'^^V\^)^^D,Z^, D.Zcs') 

- Tr((ri^f^^^ + f'^'^Ti^)^W,Z^ , D,Zce') 

- Tr((r^^f-^^^ + t'^'^Tis)YDiZ'', DoZce') 

- Tr((r^^f ■'^^ + F-^^ri^)7°A^'', D^Zce') (C.2) 

- Tr((r^^f''^^ - T'^''T%)Y'l'Da'', D.Zce'). 

The first four terms can be further simplified by using the relation (lA.Op . 

(a) = - 2(5^-^Tr(7°Do^^, D'^ZbS^) - 2(5^^Tr(7°A^^, D'ZbS-') 

- 25^-^Tr(7'Do^'', D.Zbs') - 26''Tt{YD,Z'' , D^Zbs') (C.3) 

- Tr((r^^f^^^ - f^^^ri^)7*^7°A^^, D.Zce'). 
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C.2 (b) terms 



The (6) terms may be written as 

(b) = - 26''TTiD'ZB, [^^, Z^; Znh'Ye') + 26''Tv{az'', [Zn, Zj,; Z^JtV^-") 
+ Tr((r£^f^^^ + f^^^r^^)[Z^, Z^; ZAh'Y, Dace') 

- Tr{{r%t'<'^ + t'^^rUlZc, Zn; Z%^^\ D.Z^e-') 
+ IY((ri^f - P^^Ti^)[Z^, Z^- Zol D.Zce') 

+ Tr((ri5f^^^ - f^^^ri5)[Zz,, Zc; Z%D,Z^e') (C.4) 

- Tr((r^^f^^^ - F^^ri^)[Z^, Z^; ZaID.Zcs') 

- Tr((r^^f - F^^ri^)[Zc, Zr>; Z% D.Z^e') 

The terms involving Dq can be greatly simplified by using flA.14p . After a bit of rearrange- 
ment and relabeling we can write the (b) terms as 

(6) = + 25"Tr(D'ZB, [Z^, Z^- ZdY'e') - 25"Tr(D'Z^, [Z^, Z^; Z^yh') 

- Tr(f^f '"^Do^c, [^'', - Tr(f^f "iDo^'^f^A, ^c; ^^^l^'), (C.5) 

where 

■pCD{IJ) _ -pi ^JCD I f /CDpJ . //^ fi^ 

^ AB — ^ AB^ + J- J-ABi l^-Oj 

f,A[/J] _ p7 pJ^E fi/AEpJ tr^ 7\ 

and we have used the fact that in 3 dimensions 7*-' oc e'^K We have also used the fact that 
= _£iiyi2 and 7°^^^-^ = e^. 



C.3 (c) terms 

The (c) terms may be written as 

(c) = - 25^-^Tr([Z^, Z^; Z^], [Zp, Zb'. Z^])s' 

- r5^(")Tr([Z^, Z^- Zcl [Ze, Ze- Z^])e' 

- r;j(")Tr([Z^, Z^- ZeI [Zc. Ze-. Z^])e' (C.8) 
+ r5J(")Tr([Z^, Z^- Zcl [Ze, Ze-, Z%e' . 

We can make use of the fact that the potential is 

V = ^Tr([Z^, Z^- Zs], [Zc, Zn, Z^]) - ^Tr([Z^, Z^- Z^], [Ze, Zn, Z^]) (C.9) 
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to write (c) as 

(c) = - 26'\V - Vi)e-^ 

- tY/'^t.{[z^, Z^- Zcl [Ze. Zr. Z%e' 

- vZ^^^-^ilZ^, Z^- Ze], [Zc, Ze; Z%e' (C.IO) 
+ rf J(^-^)IV([Z^, Z^- Zcl [Ze, Ze; Z%e\ 

where 

= ^Tr([Z^, Z^; Z^], [Zc, Zj,- Z^]) - ^Tr([Z^, Z^; Zc], [Z^, Z^; Z^]) (C.ll) 
C.4 (5J0 

We can combine (a), (b) and (c) terms 

+ 28'\Tx{D,Zb. [Z^, Z^; Z^]) - Tr(A^'', [^zp, ^b; Z^])£*^7^V 

- rJ^^^Tr(A^^, /^jZc)e^^7°e^ 

- rg["l(IY(Do^A, [^^, ^d) + ivpo^^, [Zc, Z^; z^]))£-^ 

+ rJ2('-')(IV(L'^Z^, [Zc, Z,,; Z^]) - IV(A^d[^^, Z^- Zc\))e'^ie' 

- r;?'^^TV([z^, Z^; Zcl [Ze. ^f; ^D^-^ 

- r;j(^-^)Tr([Z^ Z^; Z^], [Z^, Z^; Z<'])e' 
+ r;j(")Tr([Z^ Z^; Z^], [Z^, Z,^ Z^])^^ 



where we have used 



Too = TrlDo^"", D^Zb) + Tr(A^'', Z^'^b) + V- (C.12) 
Toi = TrlA^"", D^Zb) + Tr(A^'', A^b). (C.13) 



D Potential 



In this appendix we show the equivalence of the Bagger-Lambert and ABJM potential. The 
Bagger-Lambert potential is given by 

y = ^IV(Tg^,Tg^) (D.l) 
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where 

Tg^ = [Z^, Z^; Zb] - Is'bIZ^ Z^; Ze] + [Z^, Z^; ^i.]. (D.2) 
We can define the inner product as 

Tr(X,y) = tr(XV) (D.3) 
where f denotes the transpose conjugate and tr denotes the ordinary matrix trace. Thus 

(Tg^)t = [Z^\ Z^t. 4] _ l^gf^i^t^ Z\\ + \^l\Z^\ Z^t. 4] (D.4) 

Tg^ = [Zc, Z^; Z^] - Z^; Z^] + ^c; ^'']- (D.5) 
Making use of the above information one finds that 

V = ^Tr(Tg^,Tg^) (D.6) 

= fA^^Tnin) (D-7) 

= ^tr {\Z^\ Z^t. 2^- Z^\ + i[Z^t, ^ct. 2l\\Zs. Zc; Z^\^ . (D.8) 

For the particular choice 

\X,Y;Z\ = \{XZ'^Y -YZ'^X) (D.9) 

it was shown by Bagger and Lambert that the = 6 ABJM potential is recovered. Inserting 
flDlQ]) into fiDlSl) one finds 

y = xhii - ^Z'^^ZeZ^'^ZcZ^'^Zb - ^Z""^ ZeZ"^^ ZbZ""^ Zc 

- ^Z^^ZbZ^^ZdZ^^Zc + 2Z^^ZbZ^^ZcZ^^Zd). (D.IO) 

Comparing with 

V = ^tr( - Ix^'XaX^'XbX^'Xc - ^X^X^X^X^X^X^ 

- ^XaX^'XcX^XbX^ + 2X^XbX^X^X^Xc) (D.ll) 

we see that the two expressions are equivalent given the redefinitions Z"^^ X"^ and Za — * 
Xa, as well as A = 2T[/k. 
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